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Universality classes for the ricepile model with absorbing properties
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The absorbing “ricepile” model with stochastic toppling rules has been numerically studied. Local limited,
local unlimited, nonlocal limited, and nonlocal unlimited versions of the absorbing model have been investi-
gated. Transport properties and different dynamical regimes of all of the models have been analyzed, from the
point of view of self-organized criticality. Phase transitions between different dynamical regimes were studied
in detail. It was shown that the absorbing models belong to two different universality classes.

PACS numbe(s): 05.65+b

[. INTRODUCTION Soon after the experimental results were published, the
model “ricepile” cellular automata were suggested and nu-

Self-organized criticalitySOQ has been a widely studied nerically studied6,7—9. The model ricepile is, in principle,

phenomenon in the past ten years. The theory of SOC, pr . . h '
posed by Bak, Tang, and Wiesenfdlt], describes the dy- a.cellular automatpn defined on a one—dlmen3|onal lattice,
namical behavior of many-particle systems with local inter-With randomness incorporated into the toppling rules and
actions. Paradigmatically, the description is based on th¥ith deterministic drive. Changes in toppling rules are often
dynamics of a pile of sand. If the sandpile is randomly drivenmanifested by different dynamical behavior of the model and
by the slow addition of SandgrainS, the S|Ope of the p||ea different UniVersaIity ClaSS in Wh|Ch the m0de| be|0ngS
increases and after some time local stability conditions aré9,10].
violated somewhere on the pile surface. The avalanche starts In this paper, we study a model that exhibits a modifica-
to slide down the slope. This type of dynamics is easilytion of the two-threshold ricepile modé6,7]. In [6,7], the
modeled by a cellular automaton. Such a model “sandpile”gravity effects, grain friction, and the local conditions on the
is defined on a large-dimensional lattice. The avalanche pile are described by the parametpr Two thresholds,
dynamics is, under the action of slow drive, governed by thenamely the critical threshold and the gravity threshold, are
local critical conditions(such as the local critical slope, for defined. Thresholds governs the movement of the grain on
example and local toppling rules. This dynamics leads to thethe pile surface.
steady state called the self-organized critical state, character- we removed the second, gravity threshold of the ricepile
ized by the critical Scaling of the avalanche size distribution:modeL Due to thiS, depending on the paramptea'lJE, the

mode has absorbing properties and interesting dynamical re-

gimes[11]. The one-threshold model in two dimensions has
@) peen studied by Tadiand Dhar{12].

Here, different versions of the absorbing model are de-

In Eq. (1), L is the system size arglexhibits the size of fined using different toppling rules. The dynamical behavior
the avalanche. The critical exponentandD depend on the Of the local limited (LLIM), local unlimited (LUNLIM),
particular model. Different models can be divided into thenonlocal limited (NLIM), and nonlocal unlimited NUN-
various universality classes, defined by a specific set of crititLIM ) absorbing model is studied and two distinct universal-
cal exponent$8,10]. ity classes are recognized.

A natural step from the sandpile model systems leads to
the investigation of real piles of granular material from the
point of view of SOC dynamics. Several efforts have been Il. RICEPILE MODELS
made in this directiori2—4], but no clear evidence of self-

-7 S
p(s,L)=s""f o/

The experimental results of the Oslo group motivated fur-
her theoretical studies of the avalanches and dynamics of
egranular materidl13,14]. The main question is, which physi-

. . . . al properties of the pile granular material are important for
was investigated. The avalanche sizes in the steady st . :
: - ' e SOC state to be established? What is, for example, the
were measured in terms of dissipated potential energy. Two

types of grains were usddlongated and round oneshow- role of friction, what is the role of the grain shape, and what
ing completely different dynamics. In the case of the ricepile S th? role of Fhe gravity and inertia of rolllmg gra!ns? .The
consisting of elongated grains, the SOC state has been estdI£€PIle experiment reveals that no SOC is possible if the
lished, in which the avalanche size distribution has a powerfiCepile consists of round ricegrains. On the contrary, the

law character with critical exponent=2.02[5]. dynamics of pile consisting of elongated grains is self-

and theoretists in Osl&]. In the Oslo experiment, dynami-
cal behavior of the driven quasi-one-dimensional pile of ric
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organized critica[5]. Certainly, the shape of the grains and "2 - ' - ' - -
the additional effects related to the shape, such as bette
packing of grains due to the elongated shape, suppresse 1r
rolling of grains, and thus suppressed inertia effects, are of
great importancg5,14). 08 .

Ricepile models are cellular automata, in which friction
and gravity effects are taken into account in a simple way,_
through the parametqy. The value of the parametgr de-
cides whether the grain will stop on the site or roll further
down the slope.

The two-threshold ricepile model introduced [i,7] is
defined on a one-dimensional lattice of sizewith a wall at ozr @
the zero position and an open boundary at the other end. A
the open boundary, particles are free to flow out of the sys- ¢/ { j : {
tem.

As in the experimental setup, the system is driven by ,,
adding particles to the position setup at the closed end. Even
time unit, one particle is added. Two thresholds are definec |
in the model: the critical threshold., which is the local f
condition for the onset of the avalanche, and the gravity
thresholdz, (z.<zg). If the local slope

0.6 |-

04

0.8

0.6 b

<J>

zi=hj—hj 2
04 |
(whereh;, i=1,2,3,..L, is a height profile of pileis less o2} ®
thanz., it is too low and the friction stops the grain move-
ment. The grain resides on the positioif z,>z,, the local 0 . . s . .
slope is too high and the grain moving downslope is not o oe % e o8 oe !

allowed to stop at théth position. But, in the case in which
2,<2;<24, the grain moves fromto i +1 with probability

p. Through the parametsy, effective friction is introduced
into the model. All supercritical slopes can topple, with prob-
ability p, but for local slopes, which are too big & z,), the
gravity becomes decisive and the site topples with probabil- &
ity p=1.0.

The dynamics of the ricepile modgs,7] is as follows. 5 oosf

(i) Each avalanche startsiat 1. If z;,>z., the first site is
activated and topples a particle to the next-nearest positior ¢4}
(two) with the probabilityp. If evenz;>zy, p=1.0.

(ii) Every particle, sliding from the positionto i+1,
activates three columns, namely 1, i, andi +1. The posi-
tioni—1 is activated because it possibly can become super . . . .
critical when removing a grain from thigh column. Col- % 02 04, 08 08 1
umnsi andi+1 are activated because they are destabilized ) .
by sliding or stopping particles, respectively. In the next time FIG. 1._ Average transport ratio of particles through t_he system
step, all supercritical active sites topple a particle to the (Zinz :;Jir;;tl'o:(‘e;fnizg F:;;ar:‘séﬁg E}"’I‘)Z :(Ii-lMi;?)?:ﬂe:@T?geg gg;eé‘;;‘_t
+1)st position with probabilityp (p=1.0 if z;>z,). ; ) : =, U:930 B9),

(i)ii) gtep two is reppeated u)r?tilrihere arelno glctive sites fpartially conductive, pe[0.538 65_’0'7185)’ Z.ind CondUCt'V.@
the system, which means until the avalanche is not over. €[0.7185,1.0. (b) LUNLIM model: Only two different dynamical

. . . . regimes are recognized: isolatinge (0,0.6995), and conductive,

. Char;g;]ng ?llgh.][ly thedI(|)0aI t((;p?_llng rules, different ver- pe[0.6995,1.0. (c) NLIM model: Again, three different dynami-

sions of the ricepile mo e are defings. e cal regimes are depicted: isolatinge (0,0.267); partially conduc-
(@) The number of particles toppled from the positiois tive, pe[0.267,0.365), and totally conductivee [0.365,1.9.

constant and independent on the supercritical local stope

The model is calledimited. (d) The model is callechonlocal if n toppled particles
(b) The number of toppled particles is a function of the moving from theith site are added subsequentlyntoearest
supercritical local slope;. The model is calledinlimited downslope positiongone particle per sijei+1, i+2,...,1
(c) If the particle(or more particlestopples from the site  +n.
i and moves only to the next-nearest positieri, the model Thus four different ricepile models are recognized,

is defined adocal. namely the local limited mod€LLIM ), the local unlimited
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2000 |- IIl. ABSORBING MODEL

Our absorbing mode[11] exhibits a simplified, one-
threshold version of the ricepile modg6]. The gravity
threshold is removed and all supercritical active sites are
allowed to topple with probabilitp<<1. Thus there persists a
] small but nonzero probability that also the extremely large
local slopes are possible. Physically this seems to be quite
] plausible. It is not probable that in real piles of granular
material there exists a strict gravity threshold. There is rather
a continuous transition to the local slopes, which are already
so large that, when activated, thaimostalways topple.

We investigated numerically all four versions of the ab-
sorbing model: LLIM, LUNLIM, NLIM, NUNLIM. Sev-
eral quantities were measured for all of the models) Ma-
terial transport as a ratio of the number of outgoing to
ingoing particles
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FIG. 2. Pile profiles of the LUNLIM(a), NLIM (b), and NUN- J(p)= (3)
LIM (c) absorbing models for different values of the probability
parametemp. Notice that in the totally conductive regime, the pile
profile is pinned at=L (a), (c). The pile is growing as a bulk with  and its dependence on the parameter (i) Average mate-

velocity v(p) in the case of the partially conductive regime and is rjg| transport(J(p)) as a function of. (i) Avalanche size

pinned in the totally conductive regine). distribution for different parameter valupsAvalanche sizes

model (LUNLIM ), the nonlocal limited modeINLIM ), and are measured in terms of dissipated potential energy, in ac-

the nonlocal unlimited modgNUNLIM ). cordance with the experimef§]. (iv) Changes in the pile
Universality classes for the ricepile model were studiedPofile, due to changes in the parameteralue. .

by Amaral and Lauritsefig]. Their results show that local  !f the probability parametep changes slowly in the inter-

models (LLIM, LUNLIM ) belong to the wide universality Vval (0, 1), the model typically passes through different dy-
class called the local linear interface universality cldds ~ namical regimes: (i) isolating, in which all particles are ab-
clasg [8,13. The authors also found that the nonlocal top-sorbed in the system and none of them reaches the open
pling rules lead to two new universality classes, with a dif-boundary;(ii) partially conductive, in which the pile profile
ferent set of critical exponents. But none of the universalitygrows up as a bulk, because a certain fraction of the par-
classes is that of the real ricepile. ticles, depending op, is absorbed in the systefabsorbing
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25 | p=0.80 —— .

FIG. 4. Transportl(p) as a function of time
Y (in iterationg in the conductive regime of the
SRR i LUNLIM model for two different values ofp.
For p=p., p.=0.6995, white noise is observed.
For p<p., all particles are absorbed and there-
fore there are no fluctuations.

05

4 time (milions) ©

properties; and(iii) totally conductive, when the number of ~ Above the percolation threshold, the percolation pic-

ingoing and outgoing particles is balanced. ture breaks down. The subcritical absorbing states are ran-
domly distributed throughout the system and the avalanche
IV. UNIVERSALITY CLASSES FOR THE can stop anywhere. As— p., the long-range correlations in
ABSORBING MODEL transport fluctuations are destroyed and the region of small
local slopes spans the whole system. The pile stops to grow
A. LLIM and atp=p it is pinned at the position=L. Critical point

Dynamical properties of the local limited absorbing Pc is thus understood as the depinning transition point. Close
model are described in detail fa1]. Here | only briefly list ~ to the depinning critical point, the average transport scales as
the main results.

Local limited toppling rules are defined as follows: the 1-(3(p))y=Ip—pdl’,
active supercritical site topples one particle to the next- (5)
nearest position with the probability Looking at the aver- 5=0.9+0.01.
age material transpoktJ(p)), three dynamical regimes of
the LLIM model are recognizefFig. 1(a)]. (c) In the interval p¢,1), the system is completely con-

(@ For 0<p<p’, p'~0.538 65, the system is completely qyctive. Transport fluctuations are of white noise type and
isolating. The average transpéd(p)) is zero. Fopclose to  the average transpod(p)=1.0. In the dynamical regimes
zero, almost all ingoing particles are absorbed. The avagy) and (c) the system is in the SOC state, having a power-

lanches die out soon, their size being exponentially boundeqyy, distribution of avalanches sizé8) with critical expo-
Close to the first phase transition popt, the steepness nentr=1.57+0.05.

of the pile is still high enough to say that the local slopes are
almost everywhere higher than the critical threshgldThis

is the reason that the spreading of active sites in time is
practically determined by the probabilipy the same way as Local unlimited toppling rules in the absorbing model are
it is in the percolation process. In the space-time coordinatelefined as follows: In order to get a realistic profile of the
system, we have therefore a picture of directed percolatiopile, each supercritical active site topplesk=int(z/2.0),
with three descendants and an absorbing bourld&lyp’ is  grains to the next-nearest downslope position with probabil-
thus simply the critical percolation threshold. Close to theity p. This way one gets a smooth profile without cavities
percolation thresholg’, the average transpodip) scales [Fig. 2(a)].

B. LUNLIM

with p as Numerical investigations ofJ(p)) reveal that only two
) dynamical regimes are clearly recogniZ€&ty. 1(b)]: the pile
(I(p))—J'(p—p")?, (4) s either completely isolating(J(p))=0] or completely
conductive[(J(p))=1.0]. A partially conductive dynamical
8'=0.9x10.01, regime is missing.

(a) For 0<p<p¢, pc~0.6995[Fig. 1(b)], the system is
whereJ’ is the current flowing due to the finite size of the completely isolating. From the definition of local toppling
system. rules it is clear that absorbing states<{z;) are easily cre-

(b) For the probability intervap’ <p<p., p.~0.7185, ated even for very small values of the paramgierThis
the system is partially conductive, with constant averaganeans that the percolation picture in the space-time coordi-
slope. This means that the height profile grows as a bulk witmate system is not correct in the case of the LUNLIM model.
velocity v(p). Fluctuations of transpod(p) exhibit long-  Near transition poinfp. the average transpod(p) scales
range correlations. with p as(Fig. 3
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distance from the critical poinp’ in the NLIM absorbing model,
FIG. 5. In-In plots of the power-law parts of the avalanche sizee=p—p,. We find that the best scaling is obtained fpg
distributions(unnormalizedl The critical exponent- of the LLIM =0.276.(b) In-In plot of the average transport as a function of the
[11], LUNLIM (&), and NUNLIM (c) models isT=1.55. The NLIM  distance from the critical poinp. in the NLIM absorbing model,
model (b) belongs to the different universality class with 1.35. e=p.—p. We find that the best scaling is obtained fpg
The system size ifh) and(c) L=300, and in@) itis L=500. Inthe = =0.3441.
NLIM model (b), the bump shift with system size has been numeri-

cally tested. With growing system size, the bump shifts to theite noise feature¢Fig. 4). Avalanche size distribution is

higher values o, indicating thus SOC. critical (1) with critical power-law exponent= 1.54+0.02
[Fig. 5a)].

J(p)<(p—pe)°s
(6)

5=1.93+0.07. C. NLIM

The nonlocal limited toppling rule means that the super-

(b) In the second dynamical regime<p<1.0), the critical active site topples, with probabiliy, N particles to

system is completely conductive, with the pile profile pinnedthe N nearest downslope positions. The nonlocal limited top-

ati=L [Fig. 2@]. J(p) as a function of time exhibits pling rules preserve three dynamical regimes, the same way



258 MARIA MARKOSOVA PRE 61

09 | ' 4 FIG. 7. Transport)(p) as a function of time
(in iterationg in the partially conductive regime
(p=0.339) and totally conductive regimep (
=0.4) of the NLIM absorbing model. Fop
=p., p.=0.365, white noise is observed. For

0.8 -

07 g p’'<p<p., the character of the fluctuations is
different. Long-range correlatiorfeeminiscent of
06 - i Brownian motion are observable in the time sig-

nal. For p<p’, all particles are absorbed and

therefore there are no fluctuations.
05 p=0.339 —— 4

04 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16

time (millions)

as it is in the LLIM case. In Fig. (t), isolating, partially  (J(p))=1.0 [Fig. 1(c)]. Figure 8b) demonstrates the ava-

conductive, and totally conductive regimes are recognized.lanche size distribution in the case of partially conductive
(a) For 0<p<p’, p’~0.267[Fig. 1(c)], the pile isin the and conductive dynamical regimes. In both cases, the dy-

isolating regime. To understand the nature of the first phaseamics of the pile is self-organized critical, which is demon-

transition pointp’, the percolation picture in the time-space strated by the critical power-law scaliridj). The critical ex-

coordinate system is still useful. But now the number ofponentr=1.35+0.05.

descendants is, in principle, greater than three. That is the

reason for the fact that the percolation threshold is shifted to D. NUNLIM

the lower parameter values as one can see when comparin . . . .
P PaMNY The nonlocal unlimited toppling rule is defined as fol-

Figs. 1) and 1c), €.0-,Pnum < Piim - In the model s_tud|ed lows: N(z) particles are releasdwith probability p) from
here, the number of particles toppling from the activated SUipa activated supercritical position and are addedV(a;)
percritical site is four. Five sites are thus activated by every d | P cal p !
toppling from the position, namelyi—1,i, i+1,i+2, and nearest downslope positions. .

i +3. There are therefore f,ive descend:.jm,t siteé in th,e directe The nonlocal unlimited version of the absorbing model
ercblation with absorbing boundafg1]. In order to esti- sgnows completely different behavior. First, no distinct dy-
P A 9 " ; namical regimes are recognized. The pile is completely con-
matep’ with greater accuracy, systematic studies of the de-

pendence of the percolation threshold on the number of deguctlve already fop close to zero as can be seen from Fig.

scendant sites are necessary. (a). The pile profile is pinned at=L [Fig. 2(c)]. Avalanche

. size distribution shows the critical scalii@) with critical
The average transport near the percolation threspold exponentr=1.51+0.05[Fig. 5e)].
scales a$Fig. 6(@)]

J(p)=(p— p')ﬁ’ 7) V. DISCUSSION AND CONCLUSION

The probability density functioril) scales with the sys-

with the critical exponent tem size as

6'=1.18+0.04.

(b) In thg intervalp’ <p<pe, the pile increases with con- p(s,L)= L‘Bg(iD) 9)
stant velocityv(p), maintaining the global slope on a con- L

stant value for a constant probability parametef ransport )

J(p) as a function of time shows long-range correlationsWith =D 7. For the LLIM, LUNLIM, and NUNLIM ab-
contrary to the totally conductive regime, where it has as°rPing models the best data collapse has been found for

character of white noiséFig. 7). =2.24, vvhich indicates that these m_odels _belong to the same
(c) The depinning transition occurs @~ 0.365 [Fig. universality class, called the LLI unlversgllty cldss13).
6(b)]. Average transport scales with close to the critical On the contrary, for the NLIM absorbing model the best
point as data collapse was found f@=1.55. The critical exponents
7andD are different from that of the LLI class and define a
1—{J(p))=|p—pel’, new universality class to which the NLIM version of the
(8)  two-threshold ricepile model also belong.
6=1.12+0.06. The reason for lowering the exponent of the NLIM

model in comparison with the LLIM model is as follows:
For the probability intervap,<p<1, the profile of the The average slope of the NLIM and the LLIM pile is similar.
pile is pinned at =L [Fig. 2(b)], and the average transport For example, fop=0.8, the average slope of the NLIM pile
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8 ' ' ' ' ' ' ' T pe008 — number of toppled particles is proportional to the slope in the
unlimited model, it seems that the relatively small average
slope of the NUNLIM pile leads to relatively few particles
14 | released on average in one toppling. This fact should en-
hance the probability of small avalanches and the avalanche
12 size distribution function should have aexponent greater
= than 1.55. This really happens for the NUNLIM two-
threshold ricepile moddB]. In this model the probability of
u a big local slope decreases exponentially with But look-
ing at[Fig. 2(c)], one can see that it is not an exception to
06| . have a big local slope in the NUNLIM absorbing pile. Dur-
ing a toppling event, the site with the big local slope releases
M7 s s 1w w1 1 s s anumber of particle§proportional to the local slopewhich
time (milions) disturb a lot of downslope columns. This effect increases the
probability of large avalanches. It seems that in the case of
the absorbing model, the two described effects balance each
other and thus the exponentemains untouched by changed
e 1 toppling rules. This is different from the NUNLIM two-
threshold mode[8]. Here the first effect is decisive and the
e u | model belongs to a new universality clags<1.63).

16 (@)

1.2 T T T T T T T T

Another question, which should be discussed, is the non-
existence of the partially conductive regime of the LUNLIM
model. First, the model is local. This means that in every
oot . toppling, only three columns are activated by each toppled
particle. Therefore, the probability of avalanches having a
chance to reach the end of the system and thus to transport a
0f material does not increase due to more activated sites by

time {milions) every toppled particle. As it has been already told, in the
LLIM model there are no absorbing;(<z;) states in the
system for the isolating dynamical regime. This is not the
: case for the LUNLIM model. Absorbing states, therefore,
5 exhibits another obstacle for bigger avalanches to develop
] and transport the particles. The existence of absorbing states,
“%1g 4 even for small parameter values, destroys the percolation
T Tey, picture of the spreading of active sites, and this is also the

ey 1 reason for the nonexisting critical percolation probabiity
L % | Only the transition to the completely conductive dynamical
by I regime is present.

Finally, some mention should be made of the pile slopes
. in all of the three dynamical regimes. In the isolating regime,
2r @ ’x‘?’;\g the average transpofd(p))=0. All the added particles are
) , , , absorbed in the system. Moreover, the avalanche sizes in this
0 1 2 3 4 5 8 8 7 8 9 regime are exponentially bounded. This means that a major-
ity of the particles is absorbed on the first few columns of the
NUNLIM model for three different values of the parameperThe pile. Therefore, if the ervmg time .tend.s to infinity, the
pile is totally conductive in a wide range of the parametand the average slope of the pile grows to infinity. In consequence,

signal has a character of white noise, with fluctuations depending;hIS means th_at also the Io_cal S'OPGS become arbitrarily large.
onp. In the partially conductive regime, a constant amount of

particles, depending on the parameperis absorbed in the
system. Ag— o, the average slope of the pile remains con-
is 67.87° and for the LLIM pile it is 60.53°. Due to the stant; the pile increases as a bulk. The local slopes are finite,
nonlocal toppling rules in the NLIM model, more columns except forz(L) [see Eq.(2)], which tends to infinity.
are perturbed and thus the probability of greater avalanches In the conductive regiméJ(p))=1.0. The average slope
is enhanced. Therefore the exponeri$ lowered. of the pile is constant depending only on the paramgtéil

The same argument could be used in the case of thiecal slopes are finite in this regime.
NUNLIM and the LUNLIM model. But here the situation is In conclusion, we have studied numerically the LLIM,
different. The average slope changes significantly withLUNLIM, NLIM, and the NUNLIM absorbing models. We
changes in toppling rules from local to nonlocal. For ex-have found that the models belong to two different univer-
ample, ifp=0.8, the average slope of the LUNLIM model is sality classes, characterized by different critical exponents.
82.22° and that of the NUNLIM model is 53.6°. Because theBoth of the universality classes are different from that of a
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FIG. 8. Transpord(p) as a function of timéin iterations in the
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real pile of rice. We have studied the transport properties of15] for the defined interval of parametpr
all of the models and found phase transitions between differ-
ent dynamical regimes. We state that the dynamics of the ACKNOWLEDGMENT
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